Heat conduction in a ne scale mixture of two conductors is examined in the presence of a contact resistance between phases. The problem is studied rigorously in the context of periodic homogenization. Unlike the case of perfect heat transmission between phases, the temperature elds studied here may converge weakly in L 2 to the homogenized temperature. The temperature gradients converge weakly as Radon measures. The strict ellipticity of the homogenized transport equation depends upon the geometry of the interface. The eective conductivity associated with the overall heat dissipation rate inside a composite cube is considered. It is shown that this property exhibits a size eect under rescaling.
Introduction
In this article we i n v estigate the problem of heat transport for nely mixed two phase heat conductors with imperfect heat transmission between phases. We study the eect of a thermal resistance at the two phase interface. This resistance results in a discontinuity in the temperature across the interface. Interfacial resistance can appear as a Kapitza resistance due to the dierence in sound velocity and bulk density b e t w een the two phases, see [12] . It may also arise due to imperfect bonding between phases, see [6] . To x ideas, we consider periodic mixtures of two isotropic heat conductors. The geometry within the period cell can be arbitrarily specied. The approach given here is rigorous and is similar in spirit to the theory of periodic homogenization for two phase conductors with perfect heat transmission between phases as presented in Sanchez Palencia [18] and Bensoussan, Lions, and Papanicolaou [4] .
The composite heat conductor occupies the region R 3 . The conductivity of each isotropic phase is specied by 1 and 2 . The period cell is the unit cube ( 1; +1) 3 denoted by Q. W e i n troduce the Q-periodic characteristic function of phase 1 given by 1 (x), i.e.
1 (x) = 1 i f x in phase one, 1 (x) = 0 otherwise. The piecewise constant conductivity i s dened through (x) = 1 1 ( x ) + 2 (1 1 (x)): (1.1) Rescaling the unit cell Q by the factor 1=k(k = 1 ; 2 ; 3 ; : : : ), we obtain a family of 1=k periodic two phase composite conductors. The regions occupied by materials one and two are denoted by k 1 and k 2 and the associated conductivity i s g i v en by k (x) = ( kx). The boundary between phases is written as k and the phase regions are distributed according to = k 1 [ k 2 [ k : (1.2) In what follows we assume that the interface k is Lipschitz. The temperature eld for a 1=k periodic composite is denoted by u k and we suppose that u k = 0 on the boundary of the composite domain . Across the two phase boundary the temperature jumps according to [u k The normal component of the heat-ux is assumed continuous across phase interfaces, i.e., 1 ru k 1 n = 2 ru k 2 n:
(1.4) For a prescribed heat source f in L 2 () the temperature satises:
(1.5) 2 u k = f in k 2 : (1.6) Condition (1.3) represents the eect of a thermal resistance at the two phase interface. The parameter denotes the interfacial barrier conductance. The case of perfect contact between phases is recovered in the = 1 limit.
We i n troduce the function space U k dened by U k = f j = ( 1 ; 2 ) ;where 1 in H 1 ( k 1 ); 2 in H 1 ( k 2 ) and = 0 o n @ g : (1.7)
The temperature u k is in U k and the weak formulation of the imperfect heat conduction problem (1. for all in U k . Existence of solution for (1.8) follows from direct transposition of arguments given in Lene and Leguillon [14] to the context of heat conductivity and an application of the Lax-Milgram Lemma.
In this paper we provide a homogenization theorem (Theorem 2.1) for general periodic geometries describing the behavior of the temperatures u k in the ne scale limit. Unlike the perfect transmission case, a subsequence of u k converges weakly in L 2 () to the homogenized temperature and the associated temperature gradients converge weakly in the sense of Radon measures, see Theorem 2.1. The strict ellipticity of the homogenized transport equation is seen to depend upon the geometry of the two-phase interface, see Section 7.
The convergence of the temperatures u k improves if one or both phases are connected. To see this, we denote the subsets of the unit period cell occupied by materials one and two by Q 1 1 and Q 1 2 respectively. W e c o v er R 3 with periodic translates of Q 1 1 and denote the union by Q 1 . T o x ideas we make the following hypotheses on the region occupied by material one:
(H1) Q 1 1 is an open connected subset of R 3 and has Lipschitz boundary.
(H2) Q 1 is connected and has Lipschitz boundary.
With these hypotheses we show there exists a \homogenized" temperature u 0 in
Here u 0 is the unique solution to the homogenized transport equation, see Theorem 2.3.
The homogenization theorems developed here agree with the behavior suggested by recent bounds on the eective conductivity of composites with imperfect interface given by Lipton and Vernescu [16] . In that work the composite consisted of the unit cube lled with an isotropic suspension of particles of conductivity 2 in a matrix of 1 such that 2 > 1 . F or this case the lower bound given by equation (II.2.10) of [16] is seen to admit the expansion.
e + O(1=S): (1.9) Here S is the interfacial surface area. The quantitỹ e is the eective heat conductivity of a suspension with the same geometry but with particles lled by a perfectly insulating material. In Section 3 we consider a unit cube lled with a 1=k periodic arrangement of particles and show that the associated eective property e k has the same asymptotic behavior as the lower bound (1.9) in the k = 1 limit, see Remarks 3.5 and 3.6.
In Section 3, Theorem 3.3 we demonstrate the existence of a size eect. That is, we show that the eective conductivity o f 1 =k periodic composite with barrier conductance is identical to that of unit periodic composite with barrier conductance =k. This result is in sharp contrast to the invariance under rescaling enjoyed by the eective properties of periodic composites when there is perfect heat transmission between phases. In fact it is shown in Theorem 3.4 that the eective conductivity is decreasing with the scale of periodicity. Thus, given a 1 periodic local conductivity (x) w e see that pulverizing the geometry to obtain a ner mixture (kx) only serves to decrease the eective conductivity. Physically, this is accounted for by the increased surface area of the interface.
Earlier work of Lene and Leguillon [15] treated the case of isolated elastic inclusions in a connected elastic matrix with slip at the two-phase interface. Unlike this presentation, they allow the interfacial properties to change with the period of the composite. In the context of heat conductivity, their problem corresponds to a barrier conductance that increases as the scale of the period decreases. Their homogenization proof makes elegant use of a uniformly bounded family of extension operators. These operators continuously extend deformation elds from the matrix into the inclusions. Due to the construction of these operators, their approach is limited to matrix inclusion composites. In contrast, the approach developed here makes no use of extension operators and applies to arbitrary periodic geometries. For the special case when hypothesis (H1) and (H2) hold, we employ the compactness Lemma of Allaire, Murat, and Nandakumar [1] . The lemma is used to show that the sequence fu k g converges strongly in L 2 to the solution of the homogenized problem.
We emphasize that the geometric hypotheses (H1) and (H2) cover a wide range of cases, since they allow the second phase to have connected as well as disconnected components.
The methods used in this analysis can be applied to the rigorous homogenization of two-phase elastic structures with interfacial slip. Indeed, if the coecient o f i n terfacial slip is held xed for all scales of periodicity, then one recovers results analagous to those given in this paper. If the coecient of slip is allowed to increase inversely proportional to the periodicity of the composite, then it is possible to extend the results of Lene and Leguillon [15] to arbitrary two-phase, periodic, elastic composite geometries.
The paper is organized as follows: In the following Section we state the homogenization theorems. In Section 3 we i n troduce correctors and dene the eective heat conductivity tensor. We establish the homogenization theorem for the special case when the composite domain is the unit cube and the average heat intensity is prescribed, see Theorem 3.4.
We apply these results in our treatment of periodic homogenization for arbitrary composite domains. Section 4 is devoted to obtaining uniform bounds on the sequences fu k g, fru k g, and f[u k ]g. Apriori estimates are accomplished through a Poincar e like inequality for the spaces U k , see Theorem 4.1. The weak limit M of the sequence of heat ux vectors f k ru k g is shown to satisfy a macroscopic balance equation, see (4.17) . In Section 5 the two-scale limit of the temperatures fu k g, denoted by u (x; y), is shown to depend only upon the macroscopic variable \x". In Section 6 we apply the two-scale convergence theorem of Nguetseng [17] to identify the weak limit of the heat ux vectors. We conclude the proof of the homogenization theorem for general periodic geometries in Section 7. There we discuss the link between strict elipticity of the homogenized problem and the geometry of the two-phase interface. It is found that these questions are intimately related to homogenization theorems for perforated domains. We appeal to a theorem of Briane [7] for perforated domains to show that the homogenized problem is strictly elliptic for composite geometries satisfying (H1) and (H2). In Section 8 we suppose material one is connected according to (H1) and (H2). We apply the compactness Lemma of Allaire, Murat and Nandakumar [1] to establish the existence of a strong L 2 convergent sequence of temperature elds. From this, one easily obtains Theorem 2.3 using the methods of Sections 6 and 7.
Periodic Homogenization Theorems
We present t w o homogenization theorems. To x ideas we begin with a homogenization theorem for general periodic geometries. The two-phase interface is given by 1 and the unit cell is partitioned according to:
where the Lebesque measure of 1 is zero. It is shown in Section 4 (see Remark 4.4) that the solutions u k of the heat conductivity problems (1.6) are elements of the space SBV() introduced by A m brosio and DeGeorgi in [2] . The distributional gradient o f u k is a Radon measure denoted by Du k . It has the representation
where ru k lies in L 2 () 3 We mention that the inverses of the tensors g 1 and g 2 are the formation factor tensors associated with phases one and two respectively. Such tensors are routinely used in the study of porous media, cf.,Dullien [8] .
Introducing the positive semidenite tensor
we h a v e the following: for all in C 1 c (). Next we assume that material one is distributed according to the hypotheses (H1) and (H2). An application of Proposition 5.1 of Briane [7] shows that the homogenized tensor c is positive denite, (see Section 7) . For this case we h a v e: (2.14)
3 Correctors, Eective Conductivity, and Homogenization of Periodic Composites in the Unit Cube
In this Section we i n troduce the eective conductivity tensor for a 1=k periodic composite occupying the unit cube Q. W e i n troduce the associated temperature elds (referred to as correctors) and provide a homogenization theorem describing heat transport in the ne phase limit. This result is essential for establishing Theorems 2.1 and 2.3.
To be precise, we suppose that the cube Q is lled with a 1=k periodic composite with local conductivity k (x) = ( kx). The regions occupied by materials one and two are denoted by Q k 1 and Q k 2 respectively. The two phase interface denoted by k has Lebesque measure zero and Q = Q k 1 [Q k 2 [ k (for k = 1 ; 2 ; 3 : : : ). We i n troduce the associated function spaces V k given by
(for k = 1 ; 2 ; : : : ).
We consider rst a composite with periodicity one and the local conductivity given by (x) and interfacial barrier conductance =`, ( = 1 ; 2 ; 3 : : : ). For xed`the temperature in the composite can be written as the sum of a periodic uctuation `a nd a linear function x. The constant v ector in R 3 is prescribed and represents the average heat intensity a s measured by an observer outside the composite, i.e.
See Benveniste [5] . The periodic uctuation `l ies in the function space V 1 and is a solution of the thermal equilibrium, equations:
n 1 (r 1 + ) = n 2 ( r + ) o n 1 ;
(3.4)
Here n is the unit normal pointing into phase 1. see Benveniste [5] . Introducing the Lagrangian L`( ) dened by
one has that the eective conductivitỹ admits the equivalent v ariational representatioñ
and` = L`( `) . 3 . Second, we pass to the limit in (3.6) noting that the solutions To show the rst part we observe that (3.21) We extend our analysis to 1=k-periodic composites with scale independent i n terfacial boundary conductance given by . F or prescribed heat intensity and for a 1=k-periodic arrangement of conductors specied by k (x) = ( kx), the associated temperature eld is It is possible to write the solution k in terms of the solution of (3.6) for a unit periodic geometry with interfacial barrier conductance =k. Indeed extending the solution k of (3.6) by periodicity t o R 3 w e nd that k = k 1 ( k (kx) + ( kx)): (3.25) This follows immediately by rescaling in (3.3) -(3.5) for`= k. W riting y = kx we h a v e r k = ( r y k j ( kx) + ) i n Q 1 j . Here r y indicates a gradient with respect to y. W e i n troduce the energy associated with the corrector r k given by Since the measure of the interface k is zero it follows that r k and r 1 are elements of L 2 (Q) 3 . W e i n troduce the sequence fr 1;k (x)g dened by r 1;k (x) = r 1 ( kx) and Remark 3.6. From well known homogeneity properties (c.f. Golden and Papanicolaou [13] ), one has e = 1 g 1 where e is the eective conductivity associated with the same geometry but with a matrix of conductivity 1 . T h us the convergence given by (3.30) shows that the eective tensors e k exhibit the same asymptotic behavior as the lower bound given by (1.9).
We conclude this Section with the following useful estimate:
Theorem 3.7. There exists a constant C independent o f k such that:
The proof is obtained using: 
Characterization of the Two Scale Limit of the Temperatures
The estimates given in the previous Section together with the two scale convergence introduced by Nguetseng [17] are used to characterize the two scale limit of the sequence of temperature elds fu k g.
We i n troduce the space L 2 p of Q-periodic functions in L 2 loc (R 3 ).
Denition 5.1. A sequence of functions fv k g in L 2 (; L 2 p ) t w o scale converges to the limit
for all w in L 2 p and in C 1 c (). We observe from the denition that two scale convergence implies weak L 2 () convergence of the sequence fv k g to the function R Q v (x; y)dy.
From Theorem 4.2 the sequence fu k g is uniformly bounded in L 2 (). It follows from the two scale convergence Theorem of Nguetseng [17] that there exists a two scale convergent subsequence (also denoted by fu k g) converging to u (x; y) i n L 2 (; L 2 p ).
The limit is characterized in the following Theorem 5.2. The two scale limit is a function of the macroscopic variable only, i.e.
u (x; y) = u ( x ) : (5.2)
Proof: For any Q-periodic vector eld in H 1 (Q) 3 and for any function in C 1 c () one has the identity:
Setting y = kx we h a v e div (kx) = k div y (ky) where div y is the divergence with respect to the y-variable. Substitution into (5. We apply Cauchy's inequality to the rst term in (5.4) together with the estimate (4.11) and rescaling to obtain 
The Constitutive Relation for Heat Conduction in Fine Phase Mixtures
In this Section we nd the linear constitutive l a w relating the weak limit of the heat ux vectors M to the weak limit of the temperatures u (x). The constitutive l a w describes heat transport in the ne phase mixture. Under suitable hypothesis on the geometry of the mixture, we show that the weak limit of the temperatures u (x) lies in the space H 1 ().
To this end we i n troduce: (6.5) Proof of Theorem 6.1: The structure of this proof follows that of Tartar [19] for perfectly bonded two-phase conductors. Extending the corrector k dened in Section 2 by periodicity to R 3 we i n troduce a test in C 1 c () and set = k in the variational formulation (1.8) to obtain
Noting that the equation div( k r k ) = 0 holds in the sense of regular distributions in each phase we m ultiply by u k and integrate by parts using appropriate Green's Theorem [20] to obtain
In view of the jump condition (3.24) we write (6.7) as (6.13)
To pass to the limit in the middle term of (6.10) we enlist the aid of a simple modication of Theorem 2 introduced in Nguetseng [17] . The rst term on the right hand side of (6.17) vanishes due to (6.16) and the uniform L 2 bound on fg k g. The second term vanishes as the sequence g k two scale converges to g (x; y) and the Proposition is established. Passing to a subsequence if necessary we h a v e from Theorem 5.2 that the two-scale limit of u k is u (x). On the other hand k (x)r k = (kx)(r y k (kx) + ) and from Lemma (3.2) it follows that The positivity of the tensor c is governed by the geometry of the two phase interface.
As an example we consider an isotropic suspension of particles. We assume that Q 1 1 is the connected matrix, that Q 1 2 is the particle phase and that the particles are isolated. We observe that this geometry satises the hypotheses (H1) and (H2) and note as in Remark 3.7 that g 2 = 0 . T h us, c = 1 g 1 :
(7.2) For isotropic suspensions particles for which there exists a positive l o w er bound on the inter-particle distance, the estimates of Bruno [8] and Torquato and Rubinstein [21] show that g 1 is positive and the positivity o f c follows As a second example we consider a laminar geometry with layer normal given by e 1 and thickness of phase one and two given by 1 Thus if one considers a sequence of successively ner laminates (kx) with associated temperature elds u k , it is no longer evident that the limit temperature eld u belongs to H 1 (). However from Theorem 6.1 it does follow that the distributions @ x2 u and @ x2 u are elements of L 2 (). More generally, the recent result of Briane [7] can be applied to establish positivity o f the tensor c for any composite satisfying (H1) and (H2). Application of Proposition 5.1 and Remark 5.2 in [7] to the tensor g 1 shows that it is positive and the positivity o f c follows.
Strong Convergence of Temperatures for Connected Phase Geometries
In this section we suppose material one is connected according to the hypotheses (H1) and (H2). We observe that the region occupied by material two (i.e., Q 1 2 ) m a y h a v e a nite number of connected and disconnected components. We state the following: From (8.3) and (8.6) it follows that u k 0 converges strongly in L 2 () to u . We remark that arguments identical to those given in Sections 6 and 7 show that the function u solves the local equation (2.14). Uniqueness of the solution follows from the strict ellipticity of the operator rcr. It is evident that the whole sequence fu k g converges to u in L 2 () and Theorem 2.3 is proved.
